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Learning Blind Deconvolution
Tal Kenig, Zvi Kam and Arie Feuer

Abstract—In this work, we propose a novel prior term for
the regularization of blind deblurring methods. The proposed
method introduces machine learning techniques into the blind
deconvolution process. The proposed technique has sound math-
ematical foundations and is generic to many inverse problems.
We demonstrate the usage of this regularizer within Bayesian
blind deconvolution framework, and also integrate into the latter
a method for noise reduction, which was previously proposed
in the context of non-blind astronomical image deblurring, thus
creating a complete blind deconvolution method. The application
of the proposed algorithm is demonstrated on three-dimensional
images acquired by a wide-field fluorescence microscope, where
the need for blind deconvolution algorithms is indispensable,
yielding excellent results.

I. INTRODUCTION

An image acquired by an imaging system may be degraded
due to numerous reasons. Two of the most common reasons
for image degradation are blur and statistical noise. Blurring of
an image can be inherent to the imaging system, e.g. caused
by the optics of the imaging system, or as a result of the
acquisition process, such as out of focus blur and motion
blur. Sometimes, the blurring operation can be assumed to
be linear and shift invariant and therefore, the acquired image
can be modeled as a convolution of the imaged object with
some convolution kernel, representing the imaging system.
This convolution kernel is often referred to as the point spread
function (PSF) of the imaging system. Neglecting the effect of
statistical noise, the blurring is mathematically modeled as a
convolution, and therefore the process of inverting this opera-
tion is termed deconvolution. In addition, there are situations
where explicit knowledge of the convolution kernel cannot be
assumed. Therefore, inverting the convolution operation under
those circumstances is termed blind deconvolution (BD).

In general, the assumed image degradation model can be
formulated as

g = n(h ∗ f) (1)

and in the discrete, three-dimensional case, we formulate (1)
explicitly as:

g(x, y, z) = n

 ∑
i,j,k∈Ω

f(x, y, z)h(x− i, y − j, z − k)


where:
• Ω ⊂ R3 is the support in the object domain imaged by

the imaging system
• {x, y, z} ∈ Ω are discrete spatial coordinates in the 3D

discrete domain corresponding to the spatial locations
sampled by the imaging system

• f : Ω→ R denotes the imaged object
• h : Ω → R denotes the imaging system PSF, which is

assumed to be linear and shift invariant

• g denotes the acquired image
• n denotes a pixel-wise noise function
• ∗ denotes the 3D convolution operator

The goal of BD algorithms is to estimate f and h from g and
any additional prior knowledge available.

In the following, we will assume a specific noise model.
We assume that the dominant source of statistical noise in the
imaging system is photon noise, which is also known as shot
noise. Photon noise is common to many imaging systems, as
it originates from the stochastic nature of the photon detection
process at the sensor and is distributed according to Poisson
distribution [4], with its parameter being the noise-free grey
level value at each pixel location. The photon noise can be
characterized as follows:

p(g(x, y, z)|f, h) =
(f ∗ h)(x, y, z)g(x,y,z)e−(f∗h)(x,y,z)

g(x, y, z)!
(2)

It can be easily observed that this type of noise is highly cor-
related with the signal, which makes it much more difficult to
handle than additive noise, commonly considered in literature.
Since photon noise is governed by Poisson statistics, we have
E {g|f, h} = f ∗ h and STD {g|f, h} =

√
f ∗ h. Therefore,

the noise gets higher with the signal. However, if we define
the signal to noise ratio of a signal as SNR(ξ) = E{ξ}

STD{ξ} , we
get SNR(g) =

√
f ∗ h. This means that the signal to noise

ratio increases with the signal intensity, which is a common
property of statistical noise.

It is not difficult to realize that the problem (1) is ill-
posed, in the sense that numerous solutions exist. This can be
easily shown even without examining any specific method for
solution. First, we note that the trivial solution f = g, h = δ,
where δ denotes the three-dimensional Dirac function, always
exists. Second, if we examine (1), even without noise, from
an information quantity point of view we can see that we have
one image g as input, from which we are required to estimate
both f and h. Hence, the problem at hand is under-determined,
i.e. there are more unknowns than inputs. Due to this ill-
posedness, all BD methods use some sort of regularization.
Many algorithms regularize the object of interest, usually by
applying some sort of smoothness constraint see, e.g. [13],
[23], [25], [27]. However, in general, the object we wish
to reconstruct is unknown and regularizing it may have an
adverse effect, especially in cases where it is known to have
high frequency structures.

Contrary to that, the PSF we are seeking is directly related
to the imaging system, thus providing us with some prior
knowledge of its form. We note that in BD problems, although
the PSF is not exactly known, it typically belongs to some
distinct class. Therefore, we find it necessary to integrate into
the BD process as much accurate and specific information
about the PSF as possible. Sometimes, this information is
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theoretically available, since we know the general form of
the PSF, e.g. in the cases of linear motion blur, atmospheric
turbulence blur and out-of-focus blur [5]. Even when this is
not the case, there are many situations where the PSF can be
experimentally measured under varying acquisition conditions,
thus providing us a sampling of the class of PSFs.

We propose to regularize the PSF by attracting it to a
subspace of admissible PSFs, known to represent the imaging
system at hand. This is done by first performing example based
learning of this subspace by using linear principal component
analysis (PCA) [38] or kernel principal component analysis
(KPCA) [44]. We then introduce into the deconvolution algo-
rithm a term that attracts the PSF towards this subspace.

This approach has never been proposed in the context
of blind deconvolution, to the best of our knowledge. The
inspiration for the proposed approach stems from the prolific
activity in the field of statistical shape priors for segmentation
using active contours in recent years [10], [15], [14], [29],
[41], [50].

We now outline the contents of this paper. In section II
we briefly review related work in the field of BD. Section
III contains the main results of the Bayesian BD formulation
used as a framework for the proposed method. In section IV
we generalize a previously reported method for integration of
a denoising stage into the deconvolution process. Section V
contains the main novelty of our work, which is a novel PSF
regularization method, utilizing learning based algorithms. In
section VI we provide the necessary details about wide field
fluorescence microscopic imaging, which is required for the
understanding of the numerical experiments depicted in sec-
tion VII, which are conducted in order to validate the proposed
algorithm. Finally, we conclude our work and suggest some
further research topics in section VIII.

II. PREVIOUS WORK

In general, BD algorithms can be divided into two cat-
egories: A-priori blur identification methods and joint blur
identification and image restoration methods [5]. The first
category consists of algorithms which separate BD into two
stages. The first stage consists of identification of the PSF.
Once the PSF estimate is available, a non-blind deconvolution
is carried out.

The earliest methods in this field are [6], [47], which assume
that the PSF is of known parametric form and is completely
characterized by its frequency domain zeros, which is fre-
quently not the case . Another popular BD method in this field
is zero sheet separation [28], in which the PSF is identified
by separating the two-dimensional (2D) Z-transform of the
corrupted image into two convolutive factors. In [43], the
authors suggest calculating several restorations of the acquired
images, using different PSFs. Those PSFs are obtained by
acquiring in advance small, point-like objects under different
imaging conditions. Then, the best image is selected either
by some numerical measure, or by visual inspection. Despite
the fact that in this work the PSF is not estimated before the
deconvolution process, we consider it to be closer to the a-
priori blur identification methods, since the PSF estimation is

not performed jointly with the image restoration process. A
more recent method in the class of a-priori blur identification
methods, which has been used in the context of microscopy,
relies on the assumption that the imaged object contains small
point-like structures [11]. The latter are identified, cropped
from the acquired image and serve as a PSF estimate.

Most recent work in the field of BD is related to the class
of joint image restoration and blur identification methods.
The methods in this class are numerous and diverse, and we
do not pertain to cover them all. For a thorough review of
BD methods the reader is referred to [5], [7], [25] and the
references therein. In essence, the methods in this class can
be categorized according to the deconvolution framework itself
and the applied regularization.

One of the most popular BD frameworks is Bayesian BD,
which is also used in our work. In Bayesian framework,
the observed image and sometimes also the object and PSF
are considered to be a single realization of a stochastic
process. Some underlying probability distribution of those
stochastic processes is assumed and a cost functional which
aims at optimizing some statistical quantity is formulated and
optimized. Usually, in creating this cost functional, one of
the versions of the famous Bayes rule is utilized. Especially
popular Bayesian methods are the maximum likelihood and its
regularized variant the maximum a-posteriori methods, which
will be discussed in detail in section III. Examples for such
methods can be found in [13], [16], [22], [23], [24], [51] to
name a few.

Due to the ill-posed nature of the BD problem, essentially
all BD algorithms utilize prior knowledge in the deconvolution
process, which is required in order to reduce the degrees of
freedom of the problem. One class of regularization methods
is the technique of projection onto convex sets (POCS). In this
technique, some knowledge of the object or the PSF is forced,
by projecting the intermediate object and/or PSF estimates
onto some convex sets. For example, popular constraints used
for POCS regularization are non-negativity, spatial and fre-
quency domain supports and phase information of the object.
POCS methods can be used as regularizers in conjunction with
other iterative methods, as in [1], [24], [25], [51], or as a BD
method of itself as reported in [35], [52].

Another form of regularization used in BD is parametriza-
tion of the PSF. In these methods the PSF is either of known
parametric form, or is assumed to be well approximated by a
simple function dependent on a few parameters. Then, during
the reconstruction process, only the PSF parameters need
to be estimated, thus dramatically reducing the degrees of
freedom in the problem. Examples for methods that use PSF
parametrization are available in [32], [37].

Another class of priors used for BD are variational regular-
ization methods. The latter usually incorporate into the BD
process a term that attempts to minimize some variational
quantity of the estimated object and/or PSF, such as the
minimization of the Laplacian, or an anisotropic variational
term, such as total variation [42]. Variational regularization in
BD has been previously reported in [13], [23], [53].

Another class of methods for regularization of BD algo-
rithms are learning based algorithms. Very little research has
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been conducted in this field, and we can only note the recent
work in [34], [36]. In those works, the basic idea is that the
prior knowledge required for solution of the BD problem can
be learned from training data, i.e. a set of prototype images
representing the same class of images as the ones processed.
We mention these methods since they are somewhat related
to the method we propose, in the sense that they use learning
based methods. However, we stress that the approach presented
in [34], [36] is fundamentally different from the one we
propose in this paper. Those differences are highlighted in the
sequel.

III. BAYESIAN BD FRAMEWORK

The algorithm we propose in this work is based on the
Maximum Likelihood Expectation Maximization (MLEM)
algorithm and its regularized variant, which is also known
in literature as maximum a-posteriori (MAP). The MLEM
algorithm was first introduced in the context of positron
emission tomography reconstruction [45]. The basic algorithm
is similar to the algorithm known as the Richardson-Lucy
algorithm [30], [40]. Although both algorithms end up with
the exact same formulation, the considerations that lead to it
are different. We find that the derivation using the MLEM
framework is more adequate and insightful for treating the
problem at hand. Hence, we will present our algorithm within
the MLEM framework.

A. Penalized blind MLEM

The penalized MLEM (PMLEM) [19], also known as maxi-
mum a-posteriori (MAP), is an algorithm which optimizes the
following cost function:

f̂, ĥ = arg max
f,h
{p(f, h|g)}

According to the Bayes rule p(f, h|g) = p(g|f,h)·p(f,h)
p(g) . We

can assume with high confidence that f and h are statistically
independent, so we get p(f, h|g) = p(g|f,h)·p(f)p(h)

p(g) . The log
likelihood of this expression is

log (p(f, h|g)) = log (p(g|f, h))

+log (p(f)) + log (p(h))− log (p(g))
(3)

We note that log (p(g)) is not dependent upon f or h.
The term log (p(g|f, h)) is governed by Poisson statistics,
according to (2). The terms log (p(f)) and log (p(h)) can
be interpreted as prior information regarding the object f
and the PSF h, respectively. By substituting (2) into (3) and
differentiating, we arrive at the following iterative scheme:

f̂k+1 =
f̂k·
[(

g

f̂k∗ĥk

)
∗ĥsk

]
1+β· δδf Pf (f)|fk

ĥk+1 =
ĥk·
[(

g

f̂k∗ĥk

)
∗f̂sk
]

∑
x,y,z f̂k(x,y,z)+ρ· δδhPh(h)|ĥk

(4)

where Pf (f) and Ph(h) can be any functionals that return low
values for inputs that agree with our prior knowledge and vice
versa (penalty functionals), β, ρ are positive constants which

control the degree of regularization and k is the iteration index.
Detailed derivation of the PMLEM formulation is given in
Appendix A, for the sake of completeness.

The derivation of the PMLEM formulation, and specifically
(3), implies that the deconvolution procedure requires some
sort of regularization, both for the estimated object f and for
the PSF h. However, as we show later, in practice we do
not use the formulation in (4), but instead, the regularizations
are carried out by different formulations. Therefore, we use a
degenerate version of (4) by setting Pf (f) and Ph(h) to be
constant, thus causing their first variation to vanish.

The object regularization is performed using a noise re-
duction procedure integrated into the iterative deconvolution
process, as depicted in Section IV. We choose to use this
method, instead of explicit regularization, since we do not
want to assume knowledge as to any specific properties of
the object, e.g. smoothness. Instead, the integrated denoising
method we use, relies exclusively on the imaging model.

The PSF regularization is also carried out by using a
different formulation than suggested by (4). We use a separate
soft-projection stage which is applied to the PSF estimate at
the end of each iteration, as detailed in Section V-B. Next,
we explain the reason for avoiding the formulation in (4). By
observing the denominator expression of the PSF estimation
step in (4), i.e.

∑
x,y,z f̂k(x, y, z) + ρ · δδhPh(h) , we can see

that the regularization term, which is in the order of magnitude
of h (which sums to unity) is badly scaled in comparison to
the object sum

∑
x,y,z f̂k(x, y, z). Therefore, we expect ρ to

be highly dependent on the image intensity, which makes it
difficult to determine its proper value. In practice, using the
formulation (4), with the penalty function Ph(h) we present
in the sequel, we could not find a proper value for ρ that will
yield useful deconvolution results, even for a single image.

IV. MLEM WITH INTEGRATED DENOISING

As noted earlier, we neither posses any specific knowledge
of our object f , nor wish to impose any general prior which
assumes smoothness of any kind, since it may be inadequate
for certain objects. However, it is implied by (3) that some
regularization of the object estimate is required.

Therefore, instead of assuming specific knowledge about
the object, in order to overcome the noise, a generalization
of a scheme from the field of astronomical imaging, of
incorporating denoising within the MLEM framework [46]
was used. This method is based on the observation that at each
MLEM iteration k, the acquired image can be decomposed
into two components: the estimated image at iteration k and
a residual: g = f̂k ∗ ĥk + Rk. It can be noticed that the first
term f̂k ∗ ĥk is a smooth term (since ĥk is a blurring kernel
and as such is low-pass in nature), and therefore the residual
Rk must contain the noise. This method suggests denoising
Rk at each iteration: Rk = Denoise(Rk).

The authors of the original work [46] use wavelet based
denoising for the function Denoise(). However, in general
there is no restriction regarding the denoising function. Using
the aforementioned denoising scheme, the residual - denoised
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MLEM (RD-MLEM) iteration becomes:

Rk = g − f̂k ∗ ĥk

Rk = Denoise(Rk)

f̂k+1 = f̂k ·
[(

f̂k∗ĥk+Rk
f̂k∗ĥk

)
∗ ĥsk

]
ĥk+1 = ĥk∑

x,y,z f̂k(x,y,z)
·
[(

f̂k∗ĥk+Rk
f̂k∗ĥk

)
∗ f̂sk

]
(5)

In our experiments, the RD-MLEM was implemented using a
3x3x3 median filter [21] for the Denoise() function, yielding
satisfactory results.

We note that there are two novel aspects of the way we
use this denoising scheme. First, we generalize the scheme
from [46] by proposing to use it with an arbitrary denoising
procedure. Second, to the best of our knowledge, such a regu-
larization scheme has yet to be used in a blind deconvolution
algorithm.

Finally, we would like to briefly discuss our choice of the
median filter. First, we note that the use of a linear filter is not
desirable for this denoising task. If we denote by ḡk = f̂k ∗
ĥk +Rk the denoised estimate of g at iteration k and assume
that Denoise() is a linear shift-invariant filter characterized
by the convolution kernel m, we get

ḡk = f̂k ∗ ĥk+m∗
(
g − f̂k ∗ ĥk

)
= (δ−m)∗(f̂k ∗ ĥk)+m∗g

Since f̂k ∗ ĥk is a smooth term and δ − m is a high-pass
filter1 we expect the term (δ−m) ∗ (f̂k ∗ ĥk) to be negligible.
This means that ḡk is essentially a low-pass filtered version
of g. Thus, we further blur the image g, which is in contrast
to the goal of the deconvolution process. Another important
detail is that we denoise g − f̂k ∗ ĥk, which ideally contains
only noise, and in practice, we do not expect to be of any
specific structure. Therefore, there is no justification to use
complicated denoising methods that assume the presence of
edges or any other kind of structure in the denoised image.
Hence, we choose to use the median filter, which is non-
linear, efficient and does not make any assumption regarding
the underlying structure of the denoised image.

V. PSF REGULARIZATION BY STATISTICAL LEARNING

In this section, we introduce the main novelty of this
work. We propose to regularize the PSF by attracting it to a
subspace of admissible PSFs. This is done by first performing
example based learning of this subspace by using linear
principal components analysis (PCA) [38] or kernel principal
components analysis (KPCA) [44]. We then introduce into the
deconvolution algorithm a term that attracts the PSF towards
this subspace.

A. The inspiration: active contours with shape priors

The inspiration for the proposed approach stems from the
prolific activity in the field of statistical shape priors for

1Since m is a low-pass filter

segmentation using active contours in recent years [10], [14],
[15], [29], [41], [50] and specifically, our work follows closely
the methods presented in [9], [10]. In those methods of
segmentation, a contour is evolved over the image domain
under the influence of an iterative process, usually aimed to
optimize some cost functional. The latter is designed in such
a manner that at convergence, the contour will delineate an
object of interest within the image.

Due to noise, clutter and occlusions, it is not always suffi-
cient to use the given imagery data for the contour evolution.
Therefore, a significant amount of research has been conducted
in recent years in order to include into the contour evolution
process prior information regarding the shape of the object of
interest.

All of the above referenced methods operate in a similar
outline: First, the space of shapes is learned from a training
set of examples. Then, during the iterative process, a regular-
ization term which attracts the contour under evolution towards
the previously learned space of shapes is included within the
contour evolution process.

We make a direct analogy between those methods and the
BD problem by replacing the shapes of interest in the active
contour framework with the functions which are of our interest
- the PSFs. In the sequel we will show how we adapt and
apply the methods previously developed for constructing shape
priors for segmentation methods as PSF priors for BD.

Finally, we would like to note that the BD problem is
inherently free of a problem related to shape priors in the ac-
tive contours framework, which is the problem of geometrical
shape alignment and scaling. At the statistical learning phase,
it is crucial to properly align and scale the training shapes,
in order for the algorithm to learn the variations within the
training shapes without any bias introduced by misalignments,
or wrong scaling. Also, when applying the shape priors, for
most of the aforementioned algorithms it is important to align
and scale the evolving shape properly. In the BD problem, we
regularize functions and not shapes. Therefore, we are free of
this problem, since the PSFs are inherently aligned and scaled
with respect to a global set of axes.

B. Integration as a prior

As we show later, we use statistical learning methods in
order to learn the subspace of PSFs, prior to the deconvolution
process. Then, at the end of each iteration k, we find the best
approximation of the PSF estimate ĥk within this subset. This
approximation is denoted as A(ĥk).

One option for regularizing the PSF is to use a hard
projection operation following each iteration, by setting the
PSF estimate to its best approximation. This yields the overall
iterative scheme:

f̂k+1 = f̂k ·
[(

g

f̂k∗ĥk

)
∗ ĥsk

]
ĥtempk+1 = ĥk∑

x,y,z f̂k(x,y,z)
·
[(

g

f̂k∗ĥk

)
∗ f̂sk

]
ĥk+1 = A

(
ĥtempk+1

)
(6)
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However, the MLEM iterative process is very sensitive to
local minima. During our experimentation, it was empirically
found that almost any PSF in the training set is a local
minimum of the iterative process. Therefore, the PSF obtained
after the first projection stage hardly changed during the
deconvolution process. Although this methodology can yield
visually pleasing results, it is essentially equivalent to running
a non-blind deconvolution algorithm with an educated PSF
guess. Therefore, we found that using the hard projection
approach was not useful for introduction of the statistical
learning prior into the blind deconvolution process.

In order to overcome the above mentioned difficulties,
we propose a soft projection stage to be carried after each
iteration:

P (h) = ηA (h) + (1− η)h (7)

where 0 ≤ η ≤ 1. The soft projection operation can be
regarded as a weighted average of h and A (h), which draws
h towards its approximation. We define a penalty function as

Ph(h) = ‖h−A (h)‖2 (8)

and follow the methodology in [9], to calculate the gradient
of Ph(h) w.r.t. h, neglecting the differentiation of the inner
term A (h) for the sake of simplicity, we obtain

∇Ph(h) = 2 (h−A (h)) (9)

Next, by rearranging the terms in (7):

P (h) = h− η (h−A (h)) (10)

we see that the projection stage we propose is actually a
gradient descent iteration of (8), with the gradient calculated
according to (9), and a step size of η

2 .
In conclusion, the proposed formulation for regularization

of the blind MLEM iterative scheme can be either viewed
as a soft projection stage, or as a gradient descent iteration.
The latter approach means that we use a hybrid MLEM and
gradient descent iterative scheme. It can be easily observed
that this sort of alternating minimization scheme eliminates
the scaling problem and the selection of the regularization
parameter η is made easy. Using the proposed scheme, η can
be chosen according to the required application and is not
expected to be highly dependent upon the acquired image. In
fact, we used η = 0.5 in all of our experiments, which worked
well on a number of acquired images. The complete iterative
scheme we use, including the integrated denoising stage, is
summarized as follows:

Rk = g − f̂k ∗ ĥk

Rk = Denoise(Rk)

f̂k+1 = f̂k ·
[(

f̂k∗ĥk+Rk
f̂k∗ĥk

)
∗ ĥsk

]
ĥtempk+1 = ĥk∑

x,y,z f̂k(x,y,z)
·
[(

f̂k∗ĥk+Rk
f̂k∗ĥk

)
∗ f̂sk

]
ĥk+1 = ĥtempk+1 − η

[
ĥtempk+1 −A

(
ĥtempk+1

)]
(11)

C. Statistical learning methods

In the following section, we will review two statistical
learning methods, which we use in order to construct our PSF
approximation A (h). We use PCA [38] and KPCA [44] in
order to learn the space of PSFs. We note that PCA can be
considered as a private case of KPCA. However, for the sake
of clarity, we present those methods separately.

1) Principal Components Analysis: PCA is a vector space
transform which, for a given dataset, finds a transformation of
the axes in such a manner that the greatest variance by any
projection of the data comes to lie on the first axis (called the
first principal component), the second greatest variance on the
second axis, and so on. Once this transform is calculated, the
data is represented by the first l principal directions, which
are assumed to capture most of the variance in the data. It
can be shown [38] that the principal directions are in fact
the eigenvectors of the data covariance matrix. The number
l of principal directions to be used is usually determined by
inspecting the eigen-spectrum of the covariance matrix.

This approach is especially useful when the data is of very
high dimension, but is known to have only a few degrees of
freedom. This is exactly the case in the problem we have at
hand. Our sampled PSFs have a very large number of voxels
we need to estimate, and we can view them as very high
dimensional vectors. However, we know that the PSF has no
more than a few degrees of freedom, as PSFs representing
physical imaging systems are usually determined by a small
number of parameters. By using PCA, we assume that the
few degrees of freedom of the PSFs can be represented in a
subspace of this high dimensional vector space. We note that
this assumption is in general not true, as we cannot assure that
an arbitrary PSF can be represented as a linear combination of
other PSFs. We further discuss this assumption, and propose
a method of relaxing it in the sequel.

In what follows, we assume that we have a training set of
N sampled PSFs {h1, h2, . . . , hN}, each one containing nv
voxels. Those training samples are assumed to represent PSFs
of the imaging system used to acquire the images we wish to
restore.

First, the mean PSF h̄ is computed by taking the mean of
the training PSFs h̄ = 1

N

∑N
k=1 hk. Next, we compute the

covariance matrix C as follows. The mean PSF is subtracted
from all training PSFs to create the centered training PSFs
h̃k = hk − h̄, and the latter are lexicographically ordered as a
column vector. Each centered training sample is placed as the
k-th column of an nv × N matrix A =

[
h̃1, h̃2, . . . , h̃N

]
.

The nv × nv symmetric covariance matrix is defined as
C = 1

NAAT. Then, an eigen-decomposition is performed on
C, C = UΣUT , where U is a matrix whose columns are
the eigenvectors of C (the principal components) and Σ is a
diagonal matrix with the corresponding eigenvalues of C on
its diagonal, in descending order.

We denote by uk the k-th principal component. The princi-
pal components are sampled eigen-PSFs, which can be used
as a basis for representation of other PSFs. We denote by
Ul the nv × l matrix composed of the first l columns of U.
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The coordinates of the projection of an arbitrary test function2

h onto the space of PSFs spanned by the first l principal
components can be computed as

αl = UT
l (h− h̄) (12)

And the projection itself can be calculated as

P l(h) =
l∑

k=1

αlkuk + h̄ (13)

where αlk is the k-th component of the vector αl. It can be
shown [38] that the error of representing any of the training
set examples hk by their projection P l(hk) is minimal in the
least square sense.

It is important to point out that two main assumptions are
made during the derivation of PCA:

1) The variance within the dataset is of statistical impor-
tance.

2) Any PSF within the dataset, and essentially within the
space of desired PSFs, can be represented as a linear
combination of some basis (a vector space assumption).

The first assumption seems to be valid, since it is expected for
a statistical learning method to use some measure of distribu-
tion. However, as previously noted, the second assumption is in
general not true, as a PSF cannot be represented in general as
a linear combination of the sample PSFs. In spite of this, this
assumption can be made as a rough approximation, especially
when an arbitrary PSF is close to the training set in the sense
of small variations around its mean.

Finally, we take the approximation A(·) in (11) simply to
be the projection P l(·), i.e.

A
(
ĥtempk+1

)
= P l

(
ĥtempk+1

)
(14)

2) Kernel PCA: In order to relax the vector space assump-
tion, which as we pointed out earlier, is made when using the
PCA regularization method, we propose to use Kernel PCA.
Kernel PCA can be considered as a non-linear extension of
PCA. KPCA was first introduced in [33], [44], where it was
proven to be a powerful technique of extracting the non-linear
structure of a dataset.

In KPCA, the data is first mapped from the original input
space I where it resides to some feature space Γ, via a non-
linear function ϕ. Then, linear PCA is employed in feature
space to find the feature space principal components, which
correspond to the largest variations of the dataset in feature
space. Similarly to the linear PCA case, we use the first l
principal components, which account for the largest variation
possible within the dataset using l directions.

Due to the non-linearity of the mapping ϕ, this technique
enables us to capture non-linear variations within the dataset.
In essence, it relaxes the assumption that an arbitrary PSF
can be represented as a linear combination of the training set
PSFs. More specifically, by using KPCA, we assume that the
above assumption holds in feature space, thus allowing the

2Which is assumed to be sampled in the same scheme the training PSFs
were sampled

representation of an arbitrary PSF as some non-linear function
of the training set PSFs.

In general, the feature space can be of very high dimension
[33], and in practice, we do not necessarily know which
transformation ϕ will provide useful results. In order to
overcome those limitations, the mapping ϕ is not carried out
in explicit form. Moreover, ϕ is usually not known and all
calculations are carried out by the use of Mercer kernels. A
Mercer kernel is a function k : I × I → Γ, which for all
points in the dataset k(hi, hj) is positive and symmetric with
respect to its arguments, i.e. k(hi, hj) = k(hj , hi). It has been
shown [3] that applying the kernel in input space is equivalent
to the calculation of an inner product in feature space:

k(hi, hj) = 〈ϕ(hi), ϕ(hj)〉 (15)

Therefore, all calculations that can be formulated in terms of
inner products in feature space, can be carried out in input
space without explicitly using the mapping ϕ and only the
kernel k(·, ·) has to be known.

The choice of the kernel can be arbitrary, as long as it
satisfies the conditions of symmetry and positivity. Two pop-
ular choices for kernels, which have also proven to be useful
[33] are the exponential kernel k(hi, hj) = exp

(
−‖hi−hj‖

2

2σ2

)
and the polynomial kernel k(hi, hj) = 〈hi, hj〉p, where σ
and p are parameters of the kernel functions. Due to its
successful application for different problems, we choose to
use the exponential kernel in what follows. Intuitively, it can
be understood that this type of kernel provides some kind
of adjacency measure between two PSFs, i.e. it measures the
similarity between the PSFs. Therefore, it is not surprising that
the analysis of such a kernel over the training set is capable
of capturing information regarding the relations between the
PSFs in the dataset. This property of the kernel function also
explains the advantage of choosing the kernel function over
choosing the mapping ϕ, which is more difficult to obtain
intuition about.

In the following, we briefly describe the KPCA method
[26], [33], while closely following the notations in [33]. As in
the linear PCA formulation, we assume to have a training set
of N sampled PSFs {h1, h2, . . . , hN}, each one containing
nv voxels. The symmetric positive definite kernel matrix is
defined as Kij = k(hi, hj). We define the mean map of
the training dataset in feature space ϕ̄ = 1

N

∑N
k=1 ϕ (hk)

and the centered maps of the dataset in feature space, as
ϕ̃ (hk) = ϕ (hk) − ϕ̄. Then, the centered kernel function
is defined as k̃(hi, hj) = 〈ϕ̃(hi), ϕ̃(hj)〉, and the centered
kernel matrix as K̃ij = k̃(hi, hj). It can be easily shown that
the matrix K can be centered as follows: K̃ = HKH, where
H = IN − 1

N 1N1T
N. IN Denotes the N ×N unit matrix and

1N is an N × 1 column vector of ones.
Eigenvalue decomposition is performed for K̃: K̃ =

VΛVT where V is a matrix whose columns are the eigen-
vectors of K̃ (the principal components) and Λ is a diagonal
matrix with the corresponding eigenvalues of K̃, denoted as
{λ1, λ2, . . . , λN} on its diagonal, in descending order. We
denote by vk the k-th principal component of the kernel
matrix.
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We note that it follows from (15) that the kernel matrix K̃
is closely related to the covariance matrix in feature space and
it can be shown [44] that the k-th eigenvector of the feature
space covariance matrix can be expressed as:

wk =
1√
λk

N∑
i=1

vk,iϕ̃ (hi) =
1√
λk

ϕ̃Tvk (16)

Where vk,i is the i-th component of the vector vk and ϕ̃ =
[ϕ̃(h1), ϕ̃(h2), . . . ˜, ϕ(hN )]T .

The coordinates of the projection of the mapping of an
arbitrary test function ϕ (h) onto the space spanned by the
first l principal components can be computed as

γk = 〈ϕ̃ (h) , wk〉 =
1√
λk

N∑
i=1

vk,ik̃ (h, hi) (17)

where k̃(h, hi) = 〈ϕ̃(h), ϕ̃(hi)〉 can be calculated as [33]:

k̃(h, hi) = k(h, hi)− 1T
Nkh − 1T

Nkhi +
1
N2

1T
NK1N (18)

with kx = [k(x, h1), k(x, h2), . . . , k(x, hN )]T . We note that
khi = [k(hi, h1), k(hi, h2), . . . , k(hi, hN )]T is simply the i-
th column of K.

Finally, the projection of ϕ (h) onto the subspace of feature
space spanned by the first l eigenvectors, is given by:

P l (ϕ(h)) =
∑l
k=1 γkwk + ϕ̄

=
∑l
k=1

1
λk

(
vTk k̃h

)(
ϕ̃T vk

)
+ ϕ̄

= ϕ̃TMk̃h + ϕ̄

(19)

where M =
∑l
k=1

1
λk
vkv

T
k .

It is noteworthy that PCA is merely a private case of KPCA
with k(hi, hj) = 〈hi, hj〉. In essence, applying the non-linear
kernel prior to the extraction of principal components enables
us to capture non-linear structure of the training dataset, and
avoids the vector space assumption pointed out earlier.

3) The pre-image problem: We note that the expression for
the KPCA projection (19) is given in feature space. Since the
formulation in (11), requires an approximation A (h) which
lies in input space, we are interested in obtaining the pre-
image of P l (ϕ(h)), i.e. a function hPI in input space that
satisfies

ϕ(hPI) = P l (ϕ(h)) (20)

In general, the pre-image does not necessarily exist [33], [39].
However, methods for its estimation have been previously
proposed [33], [39]. We choose to use the method described in
[39] due to its elegance, ease of computation and closed form
formulation. This formulation, which is given in detail in Ap-
pendix A, produces the following scheme for the calculation
of the pre-image of P l (ϕ(h)):

1)

µi =
l∑

k=1

γkvk,i, µ̃i = µi +
1
N

(1−
N∑
j=1

µj) (21)

2) ∥∥P l (ϕ(h))− ϕ(hi)
∥∥2 =(

kh + 1
NK1N − 2khi

)T
HMH

(
kh − 1

NK1N

)
+ 1
N2 1T

NK1N + Kii − 2
N 1TNkhi

(22)
3)

hPI ≈

∑N
i=1 µ̃ihi

(
1− 1

2

∥∥P l (ϕ(h))− ϕ(hi)
∥∥2
)

∑N
i=1 µ̃i

(
1− 1

2 ‖P l (ϕ(h))− ϕ(hi)‖2
)

(23)
We summarize the overall process of obtaining a pre-image
of the feature space projection of an arbitrary input space test
function using the KPCA method for an exponential kernel:

Learning stage:
1) Calculate the kernel matrix Kij = k(hi, hj) =

exp
(
−‖hi−hj‖

2

2σ2

)
2) Center the kernel matrix K̃ = HKH
3) Preform eigenvalue decomposition K̃ = VΛVT

Projection pre-image:
1) Calculate the projection coefficients γk, by (17)
2) Calculate the coefficients µi according to (21)
3) Calculate

∥∥P l (ϕ(h))− ϕ(hi)
∥∥2

by (22)
4) Calculate the estimated pre-image hPI by (23)

We take the approximation A(·) in (11) simply to be the pre-
image estimate hPI , i.e.

A
(
ĥtempk+1

)
= ĥPIk+1 (24)

Finally, we would like to note that the approximation A(·)
both for the PCA and KPCA methods, requires no more than
a few matrix and vector products and thus the projection
stage is very efficient. In addition, the learning based PSF
prior inherently contains the PSF properties, and therefore
eliminates the need to perform any other PSF regularization.
This makes this methods generic to many blind deconvolution
applications, and is only dependent on ones ability to obtain
a suitable training set of PSFs.

VI. APPLICATION FOR WIDE-FIELD FLUORESCENCE
MICROSCOPY

Wide-field fluorescence microscopy (WFFM) is a modality
used for imaging three-dimensional (3D) biological specimens.
A light source of specific chosen wavelength λ0 illuminates a
dichroic mirror. The latter is a device which is capable of
reflecting light of a certain wavelength, while transmitting
light of other wavelengths. The light emanating from the
light source is reflected off the dichroic mirror and reaches
the specimen, after passing through the objective lens. The
objective lens is immersed in liquid medium, typically some
sort of oil, in order to enhance its optical properties, by
increasing its numerical aperture. This light excites fluores-
cence species in the specimen, which then emit light of a
longer wavelength. The light emitted from the specimen passes



8

Figure 1. Structure of the wide-field fluorescence microscope.

through the dichroic mirror and is eventually detected by a
charge coupled device (CCD) detector array. An illustration
depicting the structure of a WFFM is shown in Fig. 1.

The microscope optics are focused at a plane of certain
depth within the imaged sample, denoted as the in focus plane,
and produces a 2D image, of a section within the sample.
By consecutively focusing the microscope at different depths
within the sample, a collection of 2D sections is formed,
overall creating a 3D image. This process is named optical
sectioning [31]. Since the receptive field of the microscope is
wide (hence the name “wide-field”), the detector array receives
a significant amount of radiation originating from out of focus
planes, in addition to the radiation coming from the in focus
plane. The latter phenomenon results in significant blurring of
the acquired images and thus deteriorates image quality.

Another dominant effect upon image quality is photon noise
[4], which originates from the stochastic nature of the photon
detection process, which occurs at the sensor. The blur caused
by the imaging system can be assumed to be linear shift
invariant3 [13], [24], [31]. Hence, the acquired image is a noisy
version of the original object convolved with the PSF of the
microscope.

In many imaging systems, the PSF is determined solely by
the properties of the imaging system. Therefore, under this
assumption knowledge of the imaging system implies exact
knowledge of the PSF, or at least a good approximation of it.
In microscopy, however, the imaged sample itself influences
the PSF and therefore exact a-priori knowledge of the PSF
is not available, hence the necessity for blind deconvolution
algorithms. Moreover, as we will see next, the WFFM PSF
possesses some properties which make the restoration process
especially difficult.

A. PSF model

The PSF of the WFFM is affected both by the geometry of
the microscope optical system and by its diffraction properties.
Several analytical models for the WFFM PSF have been
proposed and validated [2], [17], [18], [20], [48], [49]. A

3In fact, any work pertaining to deconvolution in microscopy makes this
assumption

(a) (b) (c)
Figure 2. PSF simulations. (a) Aberration free PSF (b) Calculated support of
the PSF in (a) . (c) Depth aberrated PSF, d = 1µm. Since the PSFs are radial-
symmetric, only an r−z section is displayed. Red locators indicate the z = 0
plane. Images are displayed in logarithmic scaling for better visualization
of fine details. Parameters used for PSF simulation: n0 = 1.518, np =
1.35, λ0 = 0.5µm, NA = 1.45

comprehensive discussion of the WFFM optics is out of the
scope of this work, and the interested reader is referred to the
above references and the references therein. However, a PSF
model was required for the proposed BD algorithm for the
cause of simulating the training set of PSFs. Therefore, we
will present the selected PSF model and discuss some of its
properties, namely the ones relevant to this work.

The PSF model used for this work follows [48]:

h(r, z) = I0 ·
∣∣∣∫∞−∞ ∫∞−∞ pupil(kr) · defocus(kr, z)

· depth(kr) · e−2πi(kxx+kyy)dkxdky
∣∣2

pupil(kr) =
{

1, kr ≤ NA
λ

0, else

defocus(kr, z) = exp {i · k · z · cos (θ0(kr))}

depth(kr) =

exp {i · k0 · d · [np cos (θp(kr))− n0 cos (θ0(kr))]}

(25)

Where:
• x, y, z are spatial Cartesian coordinates
• kr =

√
k2
x + k2

y

• r =
√
x2 + y2

• θ0(kr) = arcsin
(
λ
n0
kr

)
• θp(kr) = arcsin

(
λ
np
kr

)
• k0 = 2πn0

λ0
is the wave frequency in the medium, λ0 is

the light wavelength
• NA is the numerical aperture of the microscope
• n0 is the refractive index in the immersion medium
• np is the refractive index of the imaged sample
• d is the depth of the in-focus plane within the immersion

medium
• i =

√
−1

Io is a scaling factor and was chosen so that h will integrate
to unity. Examples of the simulated PSFs are shown in Fig.
2(a) - without depth aberrations (d = 0) and in 2(c) - with
depth aberrations (d = 1µm).

The WFFM PSF possesses some interesting properties.
From (25) it is easy to observe that the PSF is non negative,
i.e. h(x, y, z) ≥ 0, ∀ x, y, z. Another important property of
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the PSF model we use is its radial symmetry in the x-y plane:

h(x, y, z) = hrad(
√
x2 + y2, z) ≡ hrad(r, z) (26)

Another interesting and less trivial property of the PSF
is its spatial support, which can be analytically expressed
in the case of no depth aberrations (d = 0) as a cone
around the z - axis with an opening angle of arcsin(NAn0

),
where NA is the numerical aperture and n0 is the refractive
index in the immersion medium. We define the characteristic
function of the PSF as a function which takes a zero value at
spatial locations where the PSF vanishes and the value of one
elsewhere. We denote the characteristic (indicator) function of
the PSF as χPSF (r, z) which by (25) is :

χPSF (r, z) =

{
1, arccos

(
abs(z)√
r2+z2

)
< arcsin(NAn0

)
0, else

(27)

A PSF support simulated according to (27) is displayed in Fig.
2(b).

1) Depth aberrations: We already observed that the WFFM
PSF is dependent on a few parameters: n0, np, λ0, NA and d.
Those parameters can be divided into two distinct categories.
n0, λ0 and NA depend on the imaging system itself, whereas
np and d depend on the imaged sample. Both np and d are
the cause for the asymmetry of the PSF along the z direction,
as can be understood from (25) and observed in Fig. 2(c).
We term depth aberration the spherical aberration caused by
imaging into a specific depth below the cover slide for live
biological specimens with a refractive index different than the
immersion oil. Since the depth aberrations are governed by
parameters related to the imaged sample itself, they are the root
cause for the inability of obtaining exact a-priori knowledge
of the PSF. In practice, all of the PSF parameters, with the
exception of the sample depth d and the refractive index of
the sample np are usually known. In the sequel, we will show
how the known parameters can be utilized, and the unknown
depth aberration can be estimated using our proposed method.

From the above we see that the WFFM PSF does not
have a compact spatial domain support, which essentially
means that many PSF voxels are required to be estimated,
thus increasing the number of degrees of freedom within the
system. In addition, the optimization over the PSF cannot be
easily carried out in parametric form. An example such an
approach in the context of 3D WFFM can be found in [32],
where the authors use a depth-aberration-free PSF model. This
approach usually requires that the partial derivatives of the
PSF w.r.t. its parameters can be calculated. Looking at (25),
we see that our PSF model is dependent upon the following
parameters: n0 np, λ0, NA and d. We also realize that the
partial derivatives of the PSF w.r.t. those parameters are either
not well defined, or quite complicated to calculate. Even
if we pursue this route, the optimization process would be
mathematically intractable and inefficient.

An approach that has the potential of overcoming those
difficulties is to approximate the PSF with simple functions.
Such an approach is proposed in [37] for blind deconvolution
of confocal fluorescence microscopy images, where the PSF
is approximated by a Gaussian function. However, it has been

−4.6µm −3.68µm −2.76µm −1.84µm −0.92µm

0.92µm 1.84µm 2.76µm 3.68µm 4.6µm

Figure 3. Some of the PSFs used in the training set. x-z sections are
displayed in a logarithmic color map. Parameters used for PSF simulation:
λ0 = 0.617µm, NA = 1.35, n0 = 1.518, np = 1.35. The value of d is
displayed above each image.

previously shown that in 3D WFFM the PSF cannot be well
approximated by Gaussians [54], even in the case of no depth
aberrations.

Another notable effort to address the challenging task of
estimating the depth aberrations within the PSF appears in
[43]. In this work, the authors produce several reconstructed
images, using PSFs with different depth aberrations. Only after
the fact, the most suitable deconvolution result is selected.
Such an approach suffers from two main drawbacks. First, it
is somewhat exhaustive, as several non-blind deconvolutions
are carried out. Second, it is only capable of obtaining recon-
structions using a limited number of a-priori stored PSFs.

From all the above we conclude that first, in WFFM it is
essential to use blind deconvolution methods, since the PSF
is affected by the imaged sample itself and second, that using
example based learning for studying the class of PSFs seems
to be advantageous in WFFM, since the PSF cannot be easily
and accurately parametrized.

VII. NUMERICAL EXPERIMENTS

A. Implementation details

In the following simulations, it was assumed that the
microscope parameters are known, and the only unknown
parameter is the sample depth d. As previously discussed in
section VI-A1, in practice neither np nor d are exactly known4,
but since they both control the depth aberrations in a similar
manner, for the following experiments it is sufficient to modify
only one of them. This is a practical assumption and we stress
that in no way does it reduce the generality of the proposed
method.

In general, it is possible to create the training set of PSFs by
imaging small fluorescent beads, see e.g. [23], [43]. However,
since it is beneficial for our method to use a large number of
PSFs for the training set, and in general the acquisition of a
large number of samples under varying acquisition conditions
is a tedious and cumbersome task, we used simulated PSFs
for our experiments. The training set contained a total of 201
PSFs which were simulated according to the formulation in
(25) with d varying from -4.6µm to 4.6µm, which covers the

4Although d can be measured
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(a) (b)
Figure 4. Selection of the number of used eigenvalues for PCA and KPCA
methods. (a) Eigen-spectrum of covariance matrix. (b) Eigen-spectrum of
centered kernel matrix.

(a) (b) (c)
Figure 5. Blind deconvolution results for a depth aberrated image. (a)
Original image. (b) Results using PCA regularization method. (c) Results
using KPCA regularization method. Top row: x− y image section, 2nd row:
x−z image section. Red locators show the location of displayed sections. 3rd
row: r−z PSF section, linear scaling. 4th row: r−z PSF section, logarithmic
scaling. Red locators mark z = 0.

range of expected depth aberrations. A sample of the training
set is displayed in Fig. 3.

In addition, since the implementation of the learning stage
depicted in section V-C requires the storage of the entire
training set, in general it requires a very large amount of
memory space. However, in WFFM, we can take advantage of
our prior knowledge of the PSF radial symmetry, and perform
the entire statistical learning stage on a 2D half section of the
r− z plane, thus significantly reducing memory requirements
by an order of magnitude.

B. Results

In order to validate the proposed BD scheme, we tested
it on three acquired images of biological specimens. Two
of the images were known to have depth aberrations and
one was known to be free of depth aberrations, or to have
very little depth aberration. The degree of depth aberrations
was controlled in this experiment by replacing the objective
immersion oil with media of different refractive indices (n0).

(a) (b) (c)
Figure 6. Blind deconvolution results for a depth aberrated image. (a)
Original image. (b) Results using PCA regularization method. (c) Results
using KPCA regularization method. Top row: x− y image section, 2nd row:
x−z image section. Red locators show the location of displayed sections. 3rd
row: r−z PSF section, linear scaling. 4th row: r−z PSF section, logarithmic
scaling. Red locators mark z = 0.

(a) (b) (c)
Figure 7. Blind deconvolution results for an aberration free image. (a)
Original image. (b) Results using PCA regularization method. (c) Results
using KPCA regularization method. Top row: x− y image section, 2nd row:
x−z image section. Red locators show the location of displayed sections. 3rd
row: r−z PSF section, linear scaling. 4th row: r−z PSF section, logarithmic
scaling. Red locators mark z = 0.
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The original images were of size 1024× 1024 in the x− y
plane and contained 42 to 46 sections in the z direction. In
order to facilitate the processing of such large datasets, a 256×
256 section was cropped from each image. The images were
not cropped in the z direction. The images were processed
with 1500 iterations of the RD-MLEM algorithm, with the PSF
regularization implemented according to (7) with η = 0.5, for
both PCA and KPCA methods. In the KPCA case, σ was set to
the 0.2 quantile of the kernel matrix K5. The value of l, which
is the number of principal components used, was set to 10
for both the PCA and the KPCA methods. These values were
determined by observing the eigen-spectrum of the covariance
matrix in the PCA case, and the centered kernel matrix in the
KPCA case. Eigen-spectrum for the PCA and KPCA methods
can be observed in Fig. 4.

We note that the observed reconstruction results were found
not to be highly dependent on the value of l and in practice,
any number between 5 and 30 performed well, for both
methods. The algorithm was initialized with the acquired
image as the object estimate and the PSF support χPSF as
described in (27) as the PSF estimate. Results for the depth
aberrated images are shown in Fig. 5 and Fig. 6. Results for
the aberration free image are shown in Fig. 7.

It can be seen that the proposed algorithm significantly en-
hances image resolution, as many new details can be resolved
in the reconstructed images. In addition, the reconstructed
images are free of noise. We further observe that the proposed
algorithm succeeds in estimating the depth aberrations of
the PSF, as the PSFs estimated by the algorithm are indeed
asymmetric w.r.t the z axis in the images acquired in the setting
which contained the aberrations (Figs. 5 and 6), and symmetric
for the aberration free setting (Fig. 7). Finally, we note that
the results obtained using the KPCA regularization method
outperform the ones obtained by PCA, which seems to over
estimate the depth aberrations.

The superiority of the KPCA method is expected, since it is
able to extract non-linear structures in the training set of PSFs,
and is not limited by the vector space assumption, which is
discussed in section V-C1. Another noteworthy detail is the
repeatability of the proposed BD method to yield consistent
results. This can be observed when comparing Fig. 5 and
6, which show that similar PSF estimates are obtained when
processing different images which are acquired under similar
conditions.

VIII. CONCLUSION AND FURTHER RESEARCH

In this work, we developed a new method for blind image
deconvolution. The proposed method is general and can be
used for many applications of blind deconvolution. We have
shown that this method is capable of reconstructing real
world acquired WFFM thick specimen images, which is a
challenging task, and produce excellent reconstruction results
of high resolution and very low noise levels.

In addition, the proposed BD method is capable of reli-
ably providing accurate PSF estimates. This property of the

5This is the value which 20% of the entries in K are smaller than or equal
to

algorithm is demonstrated by overcoming the depth aberration
problem in WFFM.

The proposed algorithm generalizes a scheme for integrated
denoising within the iterative process, which was originally
proposed for non blind deconvolution. We show the potency
of this method for BD.

Moreover, we propose a novel method for PSF regulariza-
tion in BD. This regularization scheme uses machine learning
methods, which extract the statistical properties of a family of
PSFs by example based learning. This prior is integrated into
the iterative process using a simple and efficient formulation
and is shown to produce excellent reconstruction results for
real world data.

We note that, to the best of our knowledge, no previous work
has been published regarding the use of similar approaches
for PSF regularization in BD. In this context, we mention the
work in [36] and [34], which use learning based approaches
for the solution of the BD problem. However, we stress that the
work described in these references is fundamentally different
from the approach we propose here. First, the authors in [34],
[36] use vector quantization methods to create codebooks from
a training set of corrupted images. This approach assumes
that both the PSFs and the objects used for creation of the
codebook are similar to the desired solution. In our work, we
do not make any assumption regarding the class of objects.

Second, in [36], [34], different codebooks are learned from
images blurred with different PSFs and the PSF estimate
is obtained by the locating the codebook that produces the
minimal distortion to a given image, whereas in the proposed
method, the estimated PSF is not constrained in any way to
be a member of the training set. In addition, we note that the
learning methods employed in [36], [34] are totally different
from the methods we use in this work. Finally, the BD methods
in [36], [34] belong to the blur identification class, as the
PSF estimation is performed separately from the deconvolution
stage, whereas our method is designed to be integrated in a
joint blur identification and image restoration scheme.

We propose further research directions in related topics. One
interesting research path would be exploring other statistical
learning methods for the creation of PSF priors. One example
for such recent learning method is diffusion maps [8], which
is a state of the art method for extracting structures within a
given dataset. This method has been successfully employed
for introducing shape priors for segmentation using active
contours [14], [15], and is a natural extension to the method
proposed in this work. Another interesting research direction
is the application of the proposed algorithm to BD in different
fields, other than microscopy, such as astronomical imaging,
medical imaging, optics, photography and super-resolution
applications.

APPENDIX

Derivation of the penalized MLEM formulation
The penalized MLEM seeks to find

f̂, ĥ = arg max
f,h
{p(f, h|g)}
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According to Bayes rule p(f, h|g) = p(g|f,h)·p(f,h)
p(g) . We can

assume with high confidence that f and h are statistically
independent, so we get p(f, h|g) = p(g|f,h)·p(f)p(h)

p(g) . From (2),
and by assuming that the noise is independently distributed
amongst the image voxels , we get:

p(g|f, h) =
∏
x,y,z

(f ∗ h)(x, y, z)g(x,y,z)e−(f∗h)(x,y,z)

g(x, y, z)!
(28)

For simplicity, we can equivalently find the extreme points
of any monotonically increasing function of p(f, h|g), and
specifically of log(p(f, h|g)). Simplifying this expression, we
get the log - likelihood function:

log (p(f, h|g)) = log (p(g|f, h))

+log (p(f)) + log (p(h))− log (p(g))
(29)

We note that log (p(g)) is not dependent upon f or h. The term
log (p(g|f, h)) is given by (28) and the terms log (p(f)) and
log (p(h)) can be interpreted as prior information regarding the
object f and the PSF h, respectively. We can present general
prior probability functions for f and h as

p(f) = α1 · exp (−β · Pf (f))

p(h) = α2 · exp (−ρ · Ph(h))

Where Pf (f) and Ph(h) can be any functionals that return
low values for inputs that agree with our prior knowledge and
vice versa (penalty functionals) and α1, α2, β, ρ are positive
constants. The explicit expression becomes:

log(p(f, h|g)) ≡ L

=
∑
x,y,z [g · log(f ∗ h)− f ∗ h− log(g!)]

−β · Pf (f)− ρ · Ph(h) + Const

(30)

Calculating the first variation6 w.r.t f and equating to zero
yields∑

x,y,z

[
h(x− i, y − j, z − k) ·

(
g(x,y,z)

(f∗h)(x,y,z) − 1
)]

−β · δδf Pf (f) = 0

Which can be simplified into:

h(−x,−y−z)∗
(

g(x, y, z)
(f ∗ h)(x, y, z)

)
= 1+β · δ

δf
Pf (f) (31)

Multiplying both sides by f :

f ·
[(

g(x,y,z)
(f∗h)(x,y,z)

)
∗ h(−x,−y − z)

]
1 + β · δδf Pf (f)

= f

Leading to the iteration:

f̂k+1 =
f̂k ·

[(
g

f̂k∗h

)
∗ hs

]
1 + β · δδf Pf (f) |f̂k

6Since in general Pf and Ph can be functionals, we optimize by calculating
the first variation

We note that δ
δf Pf (f) is evaluated at the previous iteration

estimate, in order to keep calculations manageable. This is
often referred to in literature as the “One Step Late” (OSL)
regularization [12], [19]. Similarly, calculating the first vari-
ation of the log-likelihood function L w.r.t h, leads to the
iteration:

ĥk+1 =
ĥk ·

[(
g

ĥk∗f

)
∗ fs

]
∑
x,y,z f̂k(x, y, z) ·+ρ · δδhPh(h) |ĥk

Overall, the blind PMLEM iteration is:

f̂k+1 =
f̂k·
[(

g

f̂k∗ĥk

)
∗ĥsk

]
1+β· δδf Pf (f)|fk

ĥk+1 =
ĥk·
[(

g

f̂k∗ĥk

)
∗f̂sk
]

∑
x,y,z f̂k(x,y,z)+ρ· δδhPh(h)|ĥk

(32)

APPENDIX

Calculation of the pre-image of the feature space pro-
jection for the KPCA case

We would like to find an approximation of the pre-image
for any given projection in feature space. Mathematically, we
formulate this problem as:

hPI = arg min
ĥ

{∥∥∥ϕ(ĥ)− P l (ϕ(h))
∥∥∥2
}

(33)

This optimization problem can be solved by calculating the
gradient of this cost functional and equating to zero. For the
exponential kernel, this yields [33], [39]:

ĥ =

∑N
i=1 µ̃ihi exp

(
−‖ĥ−hi‖

2

2σ2

)
∑N
i=1 µ̃i exp

(
−‖ĥ−hi‖

2

2σ2

) (34)

where µi =
∑l
k=1 γkvk,i and µ̃i = µi + 1

N (1 −
∑N
j=1 µj).

The formulation in (34) has been used in [33] to obtain an
iterative scheme for the solution of (33). In [39], the authors
propose to make some further calculations in order to simplify
the problem and refrain from an iterative process. Specifically,
they show that

‖ϕ(h)− ϕ(hi)‖2 = 〈ϕ(h), ϕ(h)〉+ 〈ϕ(hi), ϕ(hi)〉

−2 〈ϕ(h), ϕ(hi)〉 =

k(h, h) + k(hi, hi)− 2k(h, hi)

which implies that

k(h, hi) =

1
2

(
k(h, h) + k(hi, hi)− ‖ϕ(h)− ϕ(hi)‖2

) (35)

We substitute (35) into (34) to obtain:

ĥ =

∑N
i=1 µ̃ihi

(
1− 1

2

∥∥∥ϕ(ĥ)− ϕ(hi)
∥∥∥2
)

∑N
i=1 µ̃i

(
1− 1

2

∥∥∥ϕ(ĥ)− ϕ(hi)
∥∥∥2
) (36)
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By assuming P l (ϕ(h)) ≈ ϕ(ĥ), we get

ĥ ≈

∑N
i=1 µ̃ihi

(
1− 1

2

∥∥P l (ϕ(h))− ϕ(hi)
∥∥2
)

∑N
i=1 µ̃i

(
1− 1

2 ‖P l (ϕ(h))− ϕ(hi)‖2
) (37)

In [26] the authors show that the expression∥∥P l (ϕ(h))− ϕ(hi)
∥∥2

can be calculated in terms of the
kernel function:∥∥P l (ϕ(h))− ϕ(hi)

∥∥2

=
∥∥P l (ϕ(h))

∥∥2 + ‖ϕ(hi)‖2 − 2
〈
P l (ϕ(h)) , ϕ(hi)

〉
We define

k̃x ≡
[
k̃(x, h1), k̃(x, h2), . . . ˜, k(x, hN )

]T
= kx − 1

N 1N1T
Nkx − 1

NK1N + 1
N2 1N1T

NK1N

= H
(
kx − 1

NK1N

)
(38)

and by (38) and (19) we obtain:∥∥P l (ϕ(h))
∥∥2 =

(∑l
k=1 γkwk + ϕ̄

)T (∑l
k=1 γkwk + ϕ̄

)
= k̃ThMk̃h + 1

N2 1T
NK1N+

2 1
N 1T

NK− 1
N2 1T

NK1N1TNMk̃h

=
(
kh + 1

NK1N

)T
HMH

(
kh − 1

NK1N

)
+ 1

N2 1T
NK1N

and 〈
P l (ϕ(h)) , ϕ(hi)

〉
=
(
ϕ̃TMk̃h + ϕ̄

)T
ϕ(hi)

= kThiHMH
(
kh − 1

NK1N

)
+ 1

N 1TNkhi

Overall, we get:∥∥P l (ϕ(h))− ϕ(hi)
∥∥2

=
(
kh + 1

NK1N − 2khi
)T

HMH
(
kh − 1

NK1N

)
+ 1
N2 1T

NK1N + Kii − 2
N 1TNkhi

(39)
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